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bule of Air as B has been above a larger as A, which 
Globule has not rifen upward to C, and fo to D, but 
been thruft downwards to A y whence itwasdiftanta- 
bout two hair’s breadths^ and immediately upon touche 
ing united therewith. I have hkewife obferved, that a 
little Air> bubble as G , loofening itfelf from the ftrawy 
when a larger Bubble, as F. was underneath it, has there 
relied immovable in the Liquor, when at the fame time 
other much fmaller Bubbles hive rifen tp the top thereof. 
The reafon of the (landing ftill of the Bubble G, I fuppofe 
was from a double motion itis impelled to,the one upwards 
from its being fpeciftcally higher than the Liquor, the 
other downwards, by which it was protruded, to joyn 
with the other larger Bubble F. Tho’I have feen feveral 
Effe&s of Sympathy, if we may fo call it, yet I never., 
faw any fomanifeft as this, of the defending of a Bubble 
contrary to its levity, xo unite with another. 


Iv. An Inftance of the Excellence of the Modern 
ALGEBR A, in the Refolntion of the 
Problem of finding the Foci of Optu\Glajfef 
univerfaliy. By E. Halley, S. R . $.• 



'HE Excellence of the Modern Geometry is in no¬ 
thing more, evident, than in thofe full and ade¬ 
quate Solutions it gives to Problems; reprefentingal] the 
poflible Cafes at one view, and in one general Theorem 
mapy times comprehending whole Sciences ; w hich de¬ 
duced at length into Prdpofitions, and demonflrated after 
the manner of the Ancients^ might well become the Sub- 
je&s of large Treatifes; For whatfoever Theorem fblves 
the moft complicated Problem of the kind, does w’ith a 
due Redu&ion reach all the fubordinate Cafes. Of this 
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I nQw de%nto:give a notable Inflance in tha Do&rinc 
of Dioptricks. 

This Dioptrick Problem, is that of finding th t Focus of 
fort of Lens* exfofed either to Converging, Di verg-^ 
bg or p&cialfei Rays of L%hty proceeding fiord, or 
tending to agiven Pome in toe Axis of the im, be the 
ratio of Refruftion what it will, according to the nature 
of the Tranfparent Material whereof the Lens is formed, 
and alfo with allowance for the thicknefs of tbeLewa be* 
tween the Vertices of the two Spherical Segments. This 
Problem being folvedin one Caffe,' nmtatis mutandis will 
exhibit Theorems for all the portable Cafes, whether the 
Lens be Double-Convex or Double-Concave, Plano-Convex- 
or Plano Concave, or Cpnvexo Concave, which fort are 
ufually called Menifci. But this is only to be underrtcoA 
of thofe Beams which are neareft to the Axis of the Lens, 
fo as tooccafion no fenfible difference by their Inclinati¬ 
on thereto ; and the Focus here formed is by Dioptrick 
Writers commonly called the principal Focus ^ being that 
of ufein Telejcopes and Micro/copes. 

Let then (in Fig. 18 .) BE/S be a double Convex Lens, 
Cthe Center of the Segment EB, and K. the Center of 
the Segment E/S, B/3 the thicknefs of the Lens , D a point 
in the Axis of the Lens ; and it is required to find the 
point F, at which the Beams proceeding from the point 
D, are .collected-therein, the ratio of Refra&ion being as 
to n. Let the diflance of the objedt DB ■== DA=d (the 
point A beingfuppofed the fame with By but taken at a 
diflance therefrom, to prevent the coincidence of fo ma¬ 
ny Lines) the Radius of the Segment-towards the Ob¬ 
ject CB or C A—r, and the Radius of the Segment from 
theOoject K/S or Kct—p, and let.B/S the thicknefs of the 
Lens be ~t, and then let the Sine of the Angle of inci¬ 
dence DAG be to the fine of the refra&ed Angle HAG or 
CAp as m to n ; And in very final! Angles the Angles 

them* 
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themfelves will be in the fame proportion; whence it 
will follow that, 


As d to r, fo the Angle at C to the Angle at D, 
and d-fcr will be as the Angle of incidence GAD; and 

again as m to n, Co J%tr to ^ n * rr " '- which will be 

fit 

as the Angle GAH = CAp. This being taken from 
AGD which is as d, will leave analogous 


to the Angle ApD, and the fides being ia thiS cafe pro¬ 
portional to the Angles they fubtend, it will follow, 
that as the Angle A<p D is to the Angie A D p, fo is the 
fide A D or B D to Ap or B p: that is B p wiH be 

=■— —y — - which fliews in what point the beams pro- 
m~n d~n r r 


ceeding from D would be col left ed by means of the firfl 
Refraftion; but if nr cannot be fubftrafted from m — nd, 
it follows that the Beams after Refraftion do ftill pals on 
diverging, and the point .p is on the lame fide of the 
Lens beyond D. But if nr be equal to m—nd then 
they.proceed parallelto the Axis, and the point p is in¬ 
finitely diflant. 


The point p being found as before, and B p—B/3 
being given, which we will call S', it follows by a pro- 
cels like the former, that /3 F or the focal diftance fought, 

is equal to —~£ri - —f And in the room of S lub- 

tn—n o p 

ftituting Bp—B/3 = —~ > £- —t, putting p for——- 
m—nd—nr 1 m —n 

after due reduftion this following Equation will a r *le, 

tn pd rp —nd Pjj^-npr p t _ 

m dr^-mdg—mpr% — m — ndt-\~nrt 

Which Theorem, however it may feem operofe, 

is 
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is not ■£> , confidering the great number of data 
that enter the Queftion, and that one half of the terms 
arife from our taking in the thicknefs of the Lens, which 
in molt cafes can produce no great effedt, howeveritwas 
neceffary to confider it, to make our Rule perfect. If 
therefore the Lens confift of Glafs, whofe Refra&ion is 

as 3 to z ’.will be ■-, **' r* j p f. 

3 a r-7-3 a p —6 r p—a /-f*2 r t •* 

If of Water, whofe Refra&ion is as 4 to 3 the Theorem 

t x dr p—3 dj^ r-)~9 rp t. 


will Rand thus 


/• 


4 dr 4* 4 dp — 12 r p— d *>$<3 r t 
If it could be made of Diamant, whofe Refra&ion is as y to 

2, it would be- * 


5 Tr 
the 


___ r — x * ’ r ' _ r 

~j rr P~~3 dtfyxrt J ’ 
Rule for the foci of 


*¥ 5 d p 

And this is the univerfal 
double Convex Glades expofed to Diverging" Rays. 
But if the thicknefs of the Lent be rejeded as not 
fenfible, the Rule will be much ihorter, viz. 

_ —f or in Glafs - — £ _ f 

drtfadp — prp drpU d p-—2 r p 

all the terms wherein t is found being omitted, a s equal 
to nothing. In this cafe, if d be fo final!, as that 2 r p 
exceed drfyd p, then will it be —/, or the focus will 
be Negative, which (hews that the Beams after both Re¬ 
fractions ftilf proceed Diverging. 


To bring this to the other Cafes, as of Con verging 
Beams, or of Concave Glafles, the Rule is ever eon? 
pofedofthe fame terms, only changing the figns of ^4 
and —•; for the diftance of the point of Concourfe of 
converging Beams, from the point B, or the firfl furface 
of;the Lens, I call a negative diftance or— d ; and the 
Radius ofa Concave Lens I call a negative Radius or— r 
if it be the firft furface, and -p, if it be the fecond fur- 
face. Let then converging Beams fall otfa double Con¬ 
vex 



( 9*4 ) 

vex of Glafs, and the Theorem will (land thus 

— 1~~— i— ^— =4*/• which (hews that in this cafe 
—a r—~d p—z rp J 

the Focus is always affirmative. 

If the Letts were a Menifius of Glals, expoled to di- 

verging Beams, the Rule is i^df^dj^ - x/p ^' 

is affirmative when z r p is left than d r—d p, other- 
wife negative : But in the cafe of converging fieaifis fal¬ 
ling on the fame Mem feus, ’twill be ^Vp yj< z ~ r 

and it will be ►£/ whilft d p—dr is lefs than z r p, but 
if it be greater than zrp. it will always be found ne¬ 
gative or — f. If the Lens be double Concave, the fo¬ 
cus of converging Beams is negative, where it was affir¬ 
mative in the cale of diverging Beams on a double Con* 

vex, viz. -f—~ _= /, which is affirmative on- 

^dr^d p —z rp 

Jy when z r p exceeds dr$<dp: But diverging Beams 

palling a double Concave have always a negative focus , 

— z d r p _ f 

viz.-—, ,-L -/. 

ifea rfya ptfcz r p 

The Theorems for Converging Beams are principally 
of ufe to determine the focus refulting from any fort of 
Lens placed in a Telefcope, between ihefocus of the Ot- 
jedf-glafs and the Glafs it (elf ; the diftance between the 
feid focus of the Objed-glafs and the interpofed Lens 
being made=— d. 

1 here (iippofe my Reader acquainted with the Rules 
of Analytical Multiplication and Divifion, as that ^ 
multiplied by makes the produft qkby — makes 
—, and—-by — makes ♦$<, fo dividing qp by makes 
the Quote »$*, -j- by — makes —, and — by — makes 
qp, which will be neceffary to be underftood in the pre¬ 
ceding Examples. 

In 
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Tn cafe the Scams are parallel, as coming from an in. 
finite diftance, (which is fuppofed in the cafi? of Tele- 
feopes ) then will d be fuppofed infinite, and in the 

Theorem — -^A-LL - the Term pro vanifhes, a e 

d r tyd p —p r p c * <> 

being finite, which is no part of the other infinite terms 

and dividing the remainder by the infinite part d, the 

Theorem will ftand thus — /» or in G’afs 

r$>p J * 


z r p 


= /• 


In cafe the Lens were Plano-Convex expo fed to diverg- 

being infinite, 

: /, if the Lens 


ing Beams, inftead of 
it will be - / ---- J - = 

d~pp 


lA± 

drifed %—p r £ 

r Zdp 

f or — * • - 


td ~- i f 

be Glafs. 

If the Lens be Double-Convex, and r be equal to 
as being formed of Segments of equal Spheres, then will 

P. A l. r - be reduced to — 4 -—— = /; and 

dr^d^-pr^ zd—pr 

in cafe a be infinite, then it will yet be farther cen- 


tra&ed to \pr, and p being = 


n 


the focal di- 


m — n 

fiance in Glafs will be = r, in Water i lr, but inDia* 


mint * r. 

lamfenfible that thefe Examples are too much for 
the corapfoat Analyft, though I fear too -little for the 
iefs Skilful, it being very hard, if poffible, in fuch mat¬ 
ters, fo to write as to give fatisfaSion to both; or to 
pleafe the one, and infirudt the other. But this may 
fuffice to ftsew the extent of our Theorem, and how 
cafy a Reduction adapts any one cafe to all the reft. 


M m m 


Nor 
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Nor is this only uleful to difcovcr the focus from the 
other propofed data, but from the focus given, we may 
thereby determine the did a nee of the Objeft, or from 
the focus'md diftance given, we may find of what Sphere 
it is requifite to take another Segment, to make any 
given Segment of another Sphere cad the beams from 
the difiance d to the focus f As likewise from the Ler.s, 
focus, and didance given, to find the ratio of Refra&i- 
on, or of m to n, requifite to anfwer thole data. Ail 
which it is obvious, are fully determined from the Equa¬ 
tion we have hitherto ufed, viz. p dp r —drf'ify, d 
— pr %f, for to find d the Theorem is 

- - ~d, the didance of the Objed. 


r f *b ?/ — p? r 

For ^ the Rule is 


dr f 


But for p will be 


latter 




p d r t3p. d / pr f ~ 
drftfyd pf 

d ? n^f<?r “ Wllch 
determines the ratio of Refra£Hon,w being to « as i 
to p. 

I {hall not expatiate on thefc Particulars, but leave 
them for the exercife of thofe that are defirous to be in¬ 
formed in Optical Matters, which I am bold to fay are 
comprehended in thefe three Rule, as fully as the mod 
inquifitive can defire them, and in all podi'bie cafes; re¬ 
gard being had to the Signs >£ and as in the former 
codes of finding the focus. 11 hall only drew twoconride- 
rable ufes of them ; the one to find the didance where¬ 
at an Objeft, being placed fhail by a given .Lew be repre- 
fented in a Species as large as the Objeft itfelf, which 
may be of fingular ufe, in drawing Faces, and other 
things in their true Magnitude, by tranfmitting the 
Species by a Glafs into a dark Room, which will not 
only give the true Figure and Shades, but even the Co¬ 
lours themfelves, almoft as vivid as the Life. In this 

cafe 
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cafe d is equal to f, and fubftituring d for / in the 
Equation, we fhall have p dr ^~d dr ^dd g—d p % r, 
and dividing all by d. pr a — dr ~\~d^ — pr pythat is 

7JLL S -s d . but if the two Convexities be of the lame 
r ifc e 

Sphere fo as r — % then will the diflance be = p r, that 
is, if the Letts be Glafs — z r, fo that if an Objed be 
placed at the Diameter of the Sphere diftant t in this 
cafe the focus will be as far within as the Objed is with¬ 
out, and the Species reprefented thereby will be as big 
as the Life; but if it were a Plano-Convex , the fame di- 
ftancewill be — zpr y or in Glafs to four times the 
Radius of the Convexity ; but of this method I may 
perhaps entertain the Curious in fome other Tran fad i- 
on, and lliew how to magnifie or diminiih an Objed in 
any proportion afligned, (which yet will be obvious 
enough from what is here delivered ) as likewife how to 
ered the Objed which in this method is reprefented in¬ 
serted. 

A fecond ufe is to find what Convexity or Concavity 
is required, to make a vaflly diftant Objed be repre- 
ienteaat a given focus, after the one furface of yhe Lens 
is formed ; which is but a Corollary of our Theorem for 
finding <?, having p, d, r and / given ; for d being in- 

p jr 

finite, that Rule becomes -. = e* that is in Glafs 

pr -f 5 


rt 

z r —/ 


= p, whence if f be greater than 2 r, 


f be- 


'f 


is the Radius of the Con- 


comes Negative, and - 
cave fought. 

•Thofe that are wholly to begin with this Dioptrical 
Science cannot do better than to read -with Attention a 
late Treatife of Di'ootricks, published by V/. Molineux, 
Efqs R. S. S. who has at large ibewn the Nature of 

M m m 2 Optick 
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Optick Glades, and the Conftrudtion and Ufe of Micro- 
fcopes and Telefcopes; and though fome nicely Critical 
have endeavoured tofpy faults, and to traduce the Book, 
yet having long fince examined it with care, I affirm, 
that if I can judge, it hath but two things that with any 
Colour may be call’d faults ; the one an over-careful ac¬ 
knowledgment of every Trifle the Author had received 
from other ; and the other, that he labours to make ca¬ 
ll e this curious Suljed, fo little under flood by moft, in 
a manner perhaps too Familiar for the Learned Critick % 
and which demonftrates that it was writ cum animo do- 
cendi , both which require but very little Friendfhip or 
good Nature in the Reader, to pafs for Vertues in an 
Author. 

But to return to our firft Theorem, which account¬ 
ing for the thickotfs of the iLew, w r e will here again re- 

fume, viz. 

mpdrp~—ndpt‘\-np/pt^ _ _ , 

t/t drt$<sndg—mp r ^—m—ndtJ^nri ’ 


And let it be required to find the foots where a whole 

Sphere will colled the Beams proceeding from an Object 

at thediflanee d\ Here / is equal to z r and r= 

And after due Redudion the Theorem will ftand thus, 

m p d r —zndrffavnprr r , ._ , , 

~ r - - j— - 1 --— = f, but if d be infi- 

zndfeznr — mpr 1 


. „ , m p r z n — m , 

mte, it is contracted to —— — r =-— r—f, 

zst zm—m 

whereforea Sphere of Glafsedleds the Suns Beams at half 
the Semi-diameter of the Sphere without it, and a Sphere 
of Water at a whole Semi-diameter.But if the ratio of Re- 
fradion m to n be as z to 1, the focus falls on the op- 
pofite furface of the Sphere, but ifit be of greater ine¬ 
quality it falls within. 


Ano- 
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Another Example (ball be when a Hemifphere is ex* 
pored to parallel Rays, that is d and f being infinite* 
and r *= r, and after due Reduction the Theorem re- 

ft 

fults - r = /. ?<i That is , in Glafs it is at 

| r, in Water at | r, but if the Hemifphere were Dia- 
mant, it would colled the Beams at u of the Radius be¬ 
yond the Center. 

Laftly , As to the effe& of turning the two fides of a 
Lens towards an Qbje& ; it is evident, that if the thick- 
nefs of the Lens be very ftxiall, fo as that you negledt it, 
or account t~o ) then in all cafes the focus of the fame 
Lens, to what foe ver Beams, will be the fame, without 
any difference upon the turning the Lens : But if you 
are fo Curious as to confider the thieknefs, (which is fel- 
dom worth accounting for) in the cafe of parallel Rays 
falling on a Plano-Convex of Glafs, if the plain fide be 
towards the Object, t does occafion no difference, but 
the focal diftance f =ir. But when the Convex fide 
is towards the Obje&> it is contracted to ^ r — £ t, fo that 
the focus is nearer by It. If the Lens be double Con¬ 
vex the difference is lefs; if a Menijcus greater. If the 
Convexity on both fides be equal, the focal length is 
bout ‘ t (barter than when t — o. In a Menifcus the 
Concave fide towards the Object encreafes the focal 
length, but the Convex towards the Objedt diminilhes 
it. A General Rule for the difference arifing on turn¬ 
ing the Lens, where the Focus is Affirmative, is this 

, for double Convexes of differing 

3 r Hb 3 e ~ * 

Spheres. But for Men'tfii the fame difference becomes 
Jl ; of which I need give no other demon- 

3 r — 3 ? HP * 

ftration, but that by a due Redu&ion it vvill fo follow 
from wjjat is prqnifed, as will the Theorems for alUorts 
of Problems relating to the foci of Optick Glaffes, 

V, An,: 
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